Useful Inequalities {2? > 0} vo0.30c - July 11, 2018

n 2 n n
Cauchy-Schwarz (Z xzyz) < (Z x%) (Z yf)
i=1 i=1

=1

1 1 1
1 " 1 n 1
Minkowski (Z lzi + yl\p) ! (Z |xi|p) Fy (Z |yi|p) " for p>1.
i i=1 i=1
n n 1/p n 1/q
Hlder ol < (S hair) " (Ete) T drmasn beion
i=1 i=1 i=1
Bernoulli 14z)">14+rz forx>-1, reR\(0,1). Reverse for r € [0, 1].
14+z)" <14+ (2" -1z forze(0,1], r€R\(0,1).
1+z)" < 1717“ for z € [-1,0], n € N.
(+a) <1+ gty forzel-1, L), r>1
(1 +nz)"1 > 1+ (n+z) forz €R, n €N.
wy>ﬁ forz >0, y € (0,1).
(a+b)" <a”+nbla+b)*"t fora,b>0, n€N.
exponential e* > (1+ %)n >1+x, (1+ %)n >e®(1— %) forn > 1, |z| < n.
e* >z¢ for x>0, and %+1§em§(1+%)n+z/2 for ,n > 0.
e* >14+x+ é for z > 0, reverse otherwise.
a® <14+ (a—1)z and a=*<1-— @z for z € [0,1], a > 1.
o<z <z?-z+1 forxe(0,1]
27z —1) <rax(zl/T —1)  for z,r > 1.
zy_
z¥ +y* >1 and ez>(1+§)y>ew+y for z,y > 0.
2—y—e P V<14 <y+e* Y, and emgz+e”’2 for z,y € R.
(1+2)P> 1+ 27 for(i)z>0, p>g>0,
(it) —p< —q<z<0, (iti) —q>—p >z > 0. Reverse for:
(v)g<0<p, —¢g>x>0, (v)g<0<p, —p<z<O0.
logarithm ;1 <In(z) <z-1, In(z) < n(:v% —1) for z,n > 0.
;ﬁ” <In(l+2x) < \/% for > 0, reverse for € (—1,0].
ln(n+1)<ln(n)+ <> 1Z<1n()—i—1
In(1+x) >3 for z € [0,~ 2.51], reverse elsewhere.
In(l+z)>z— % + % for z € [0, ~ 0.45], reverse elsewhere.
In(l—2z)>—z— 22—2 - § for « € [0, ~ 0.43], reverse elsewhere.
trigonometric z— L <zcosz < mcos/ﬂ” <z dcosx <x—23/6 < axcos f <sinz,
hyperbolic xcosx < W < xcos? (x/2) < sinx < (zcosz + 2x)/3 < e

max { 2, T2 }<““”<cos7<1<1+

< tanx
T 7r2+12 T

for z € [0, g}
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for z > 1.

2\/ﬁ—2f< - <Vztl-Ve-1<2yz-2Vz -1
1-2-2 < /T-z<1-2.

k k+1)F k
max{kk7(" + }<()Snk—§(%) and (k)_WSQn

2L < () forym>k>0 and < (1

Vn
GG < G

1 an 1
s SN < I 1= g0,
forny > k1 >0, ng > ko > 0.

VT n _ onH (a) . _
FE< () <G for G= Vernal-a)’ H(z) = —logy(z"(1—z)' ™).

S () < min{nd +1, ()",
5 (7) < min {555 (), 2" -exp (=2n(3 —@)*)} for a € (0, 5).

2}, forn >d > 1.

e(7)" < V2mn(g)"el/ D < nl < Vamn(g)"el/ 12 <en(f)"

2
NE DI TR %Z < maxz;
M, < My for p < gq, where M, = (ZZ wi|xi|p)1/p, w; >0, >, w; = 1.
In the limit Mo =[], |24, M_oo = ming{z;}, Moo = max;{z;}.

2o wilz [P > wilwil?
S wilzalPT T w4
1 1

minz; <

r < (=)< 2% <

forp<g, w; > 0.

T 1 — T 2
VY < (%) (:l?y)4 < ln(za)cffln(y) < (\/7;\/@> = xTer forz,y > 0.

l—a, o a,l—«a

y +z"y

T Tty
Voy < —————— < =

\k/ Sk > UC+1\)/ Sk+1 for 1 <k <n,

a; > 0.

for z,y > 0, a € [0, 1].

Sk? > Sk—1Sk+1 and
1
Sk = 7y > @iy Qiy -+ @y, and
(%) 1<is<T<ip<n

where p; >0, > p; =1, and ¢ convex.

o (X pizi) <3, pie ()
Alternatively: ¢ (E[X]) < E [¢(X)]. For concave ¢ the reverse holds.

M:

Fla)p) (32 9(b)ps) = 3 f(@i)g(bu—isn)ps

- < by, and f, g nondecreasing, p; > 0, > p; = 1.

T\M:

f(az) (bi)pi > (

c<ap, b

E[f (X)g(X)] > E[f(X)]E[g(X)].
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for a1 < -
Alternatively:

n

Z 7r()>zaznz+l

fora; <--- < an,
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- < bp and 7 a permutation of [n]. More generally:
fz(b ) > ; fi(br(sy) 2 _21 filbn—it1)
(fz'+1(m)

wit — fi(z)) nondecreasing for all 1 <i < n.
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[L(A—2)" >1 =3, w;

either w; > 1 (for all i) or w; <0 (for all i).

where z; <1, and

If w; €[0,1], > w; <1 and z; < 1, the reverse holds.
2
(Zi2:2) (Ziw2) < (8) (Somaw)®  forwiyi >0,
0<m§% <M<oo, A=(m+M)/2, G=+vVmM.

fL L f@)de < SV f6) < fU+1 f(z)dxz for f nondecreasing.

¢’ (a) < w < ¢'(b) where a <b, and ¢ convex.

¥ (aT-HJ> <o f; o(z)dz < M for ¢ convex.

>, aqlog bl > alog ¢ % for a;,b; > 0, or more generally:

> algo( ) <a<p( ) for ¢ concave, and a =Y a;, b= b;.
n n n

> 3 ( ;2 and [ a;% > [] @;*®  for a; > 0.

=1 am i=1 =1

al@ -y —2)*+y'y -2y - ) + 2 -2) (= —y* >0

where x,y, z,t,k > 0.

1 1 y—1 P 1,01
(gap T gya) Say< T+ 4 foraz,y >0, pg>0, S+, =1
n s
221 z7+1+’zi+2 > 5 where z; > 0, (Tn+1,Tn+2) = (21,22),
i=
and n < 12 if even, n < 23 if odd

n n
(det A)2 < 1 A?j where A is an n X n matrix.

i=1j=1

PN ST A2 and Y di <Y N for 1<k <n

A is an n X n matrix. For the second inequality A is symmetric.

A1 > --- > A\, the eigenvalues, d; > --- > d, the diagonal elements.

TL n
=1 35 D i aity

H?:1(1 *Iz) i g ai(l =)

(arby = 37 aibi)” > (af — 27 2)(’)2
given that a? > 3" ,a? or b? > Zl 5 b7

for x;

= QbE)

= 1/n 2 1/n % 1/n
I (acZ +yi) >Ilz""+ 11y where z;,y; > 0.
=1 =1 =1

k n k
bimin > a; < > a;b; <bimax >, a; forby >--->by, >0.
k=1 i=1 koi=1

(i (as+00) (X 24% ) < (Tiy i) (i b)

€ [07 %]7 a; € [071]7 Eai =1
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n k 1/k n
2 k=1 (Hi:l |ai‘> <ed i1 lakl
m n m n m n m n
> I ai; > Z H ainiyy and T 3> ai; < TT X aingy)
j=1i=1 j=1i=1 j=1i=1 j=1i=1
where 0 < a;1 <-+-<a;y fori=1,...,n and 7 is a permutation of [n].
ITTimy @i — [Tiy bi| < 300y lag —bi| - for Jag], [bs] < 1.

w1 (a+a;) > (14 a)™, where JT7

1 - 1-zy1 Tfy,l— 1-y,1
(Zi a; by z) (Zi a; zbi+z> 2 (Zi a; Vb y) (Zz @ ybi+y)
for1>x>y>0,andi=1,...,n

190(‘11) > Z 190(6 )
and {ai} = {b;} (majorization), i.e. 3_¢_

—q,a;>1,a; >0, a>0.

fora; > a2 >--->an and b1 > - > by,
1G5 222:1@ forall1 <t<mn,
with equality for t =n and ¢ is convex (for concave ¢ the reverse holds).

1 an 1 b bn
7l 2r xih) Tl 2w P xwlu) T r(n)

>an and by > b2 > .- >by and {ar} = {bi},

z; > 0 and the sums extend over all permutations 7 of [n].

where a1 > az > - --

b 1 1
D=1 2omet (:n n <7T(sz:1agn)2 (Zfﬂb%)Q for am,bn € R.

With max{m,n} instead of m + n, we have 4 instead of 7.

P P
oz, (mreteten )P < (L2 )50 ab foran > 0,p> 1.

( Zozla) <a23% a2 3% n2a2  foran €R.

1 o 2 1
m<2”:1m<cﬁ fOI‘C;ﬁO.

(&‘)71 <1, Ac 2 nosetin A is subset of another set in A.
XeA

vc(A)
Al < Istr(A)] < n for AC 2 and
[A| < [str(A) < 3 (F)

1=0

str(A) = {X C [n] : X shattered by A}, vc(A) = max{|X]|: X € str(A)}.

n k .
Pr[ V Ai} < ST (-1)371S;  for 1 <k <mn, kodd,
i=1 j=1
k .
Pr[ V A] > > (-1)71S;  for2<k <n, k even.
i=1 j=1
Sk = Pr [A,‘l AREEWA Aik] where A; are events.
1<ip<-<ix<n
Var[X] < (M — E[X]) (E[X] —m) where X € [m, M].

p—ovn—1<z; <p+ovn-—1
Where =Y x;/n, 02 =3 (x; — p)?/n.

fori=1,...,n.
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Pr[|X| > a] <E[|X|]/a where X is a random variable (r.v.), a > 0.
Pr[X <c] <(1-E[X])/(1—¢) for X €[0,1] and c € [0,E[X]].
Pr[X € S]<E[f(X)]/s for f>0,and f(z) >s>0foralzeS.

Pr[|X — E[X]| > t] < Var[X]/t> where ¢t > 0.

Pr[X — E[X] > t] < Var[X]/(Var[X] +t2) where ¢t > 0.

where E[X] > 0.
where E[X?] # 0.

Pr[X > 0] > (E[X])?/(E[X?))

Pr[X = 0] < Var[X]/(E[X?])

E[(X-p*]
tk

nk
2

Pr|X —p| >t] < and

k/2
Pr[|X — u} > t] < Cy ( ) for X; € [0, 1] k-wise indep. r.v.,
X=SX;, i=1,...,n, p=E[X], Cp =2V7kel/%% <1.0004, k even.

(B[x2])**

E[|X]] > W where 0 < E [X*] < oo.
Pr[X > QL\/Z] >0 where E[X] =0, E[X2] =02, 0 < E[X?] < to’.

Pr[X >t] < F(a)/a® for X r.v., Pr[X = k| = pg,
F(z) =3, prz* probability gen. func., and a > 1.

Pr[X2(1+5)u]§(ﬁ)“ge@(,g&)

for X; ir.v. from [0,1], X = > X;, p=E[X], § > 0resp. § € [0,1).
-5 Iz 2
e —uo
_ < — .
(176)(1—5)) 7exp( 5 )f0r56[0,1)
Further from the mean: Pr [X > R] <2 R

Pr[X < (1-8)] g(

for R > 2ep (=~ 5.44p).

for X; € {0,1} k-wise i.r.v., E[X;] =p, X = > X;.

6]

Pr[X > (1+6)u) < ()pF /(5% for X; € [0,1] k-wise ixv.,

k>k=[us/(1-p)|, B[Xi]=pi, X = X;, p=E[X], p=£, >0
—262

i (bi —ai)?
X; € la;, bi] (w. prob. 1), X =3 X;, 6§ >0.

A related lemma, assuming E[X]| =0, X € [a,b] (w. prob. 1) and A € R:
)\2 b— 2
E[e*X] < exp (M)

Pr[|X — E[XH > 5] < 2exp ( ) for X; i.r.v.,

8

Pr[mgx ISk > €] < HVar[Sn] = % zi:Var[Xi]
where X1,..., X, are i.r.v., E[X,] =0,
Var[X;] < co for all i, S = Z;C:l X; and € > 0.
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B Var[X]
(1= p)? (E[X])? + Var[X]
Var[X] < oo, and p € (0,1).

Pr[X > pE[X]] >1 for X >0,

Pr[|X —E[X]| > Xo] < 532 ifA>4/5,

Pr|X —m|>e] <35 ife> 2f,

Pr[|X —m|>e] <1- & ife< 22

Where X is a unimodal r.v. with mode m,
0% = Var[X] < 0o, 72 = Var[X]+ (E[X] —m)? = E[(X —m)?].

Pr[ max |Sk| > 3a] < 31r§n13%(n(Pr[ |Sk| > a])

1

where X; are i.r.v., S = Zle Xi, a>0.

Pr[maxi<k<n |Xg| > €] <E[|Xn|]/e for martingale (X)) and e > 0.

no?  Me
T M2 (n02)
E[X;] =0, 02 =LY Var[X;], |Xs| <M (w. prob. 1), € >0,
O(u) = (1 +u)log(l+u) — u.

Pr[ X; > s] < exp ( ) where X; i.r.v.,

)
it

n g2
Pr[ S X, >e] < e
X Xizel _exp<2(n02+Ms/3)

E[X;] =0, |X;] <M (w. prob. 1) for all i, ¢2 =1 3 Var[X;], > 0.

> for X; ir.v.,

52
n

Pr[|Xn — Xo| > 6] §2exp<2 -
=1~

2) for martingale (X}) s.t.

|XZ~7X¢71} < ¢ (w.prob. 1), for i=1,...,n, 6§ >0.

n .
Var[Z] < % E {2 (z - Z(z))ﬂ for X;, X;' € X irv.,

i=1

frX" =R, Z=f(X1,..., Xn), 20 = f(X1,..., X', .., Xn).
—252

> C?

Z, Z(® as before, s.t. |Z — Z(i>| <¢; foralli, and § > 0.

Pr[|Z — E[Z]| > 6] < 2exp ( ) for X;, X;' € X ir.v.,

M < Pr[AB;] gMexp(2 Az
— z€

M=TI0-P(B), A= ¥
i#5,B;~DBj

) where Pr[B;] < ¢ for all 4,

PT[BZ' AN Bj}.

Pr[AB;] >TI(1 —2;) >0 where Pr[B;] <z;- [] (1-gj),

(4,5)€D
for z; € [0,1) for all i =1,...,n and D the dependency graph.
If each B; mutually indep. of all other events, exc. at most d,

Pr[B;] <pforalli=1,...,n, then if ep(d+ 1) < 1 then Pr[A B;] > 0.
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